Hadronic annihilation rate of 1 +− heavy quarkonium is given to next-to-leading order in αs using a recently developed factorization formalism which base on NRQCD. The result includes two parts at leading order in v 2 , one comes from the annihilation of P-wave state of color-singlet QQ component, another comes from the annihilation of S-wave state of color-octet QQ component. Logarithms of the binding energy encountered in previous perturbative calculations of 1 +− quarkonium decays is treated correctly in this factorization approach.
The study of heavy quarkonium plays an important role in the development of quantum chromodynamics (QCD). In recent years, since E760 collaboration at Fermilab [1, 2] produced charmonium states via resonant pp-annihilation and measured their masses, widths, and branching fractions with unprecedented precision, problems about decays and productions of heavy quarkonium have aroused the interesting of more and more people. In particular, as the observation of 1 +− charmonium state h c in experiment [1] , the study of its properties such as mass and decay width becomes very important both in theory and in experiment. In the earlier treatment of heavy quarkonium annihilation, quarkonium is only taken as a color-singlet bound state of a heavy quark Q and its antiquarkQ. Calculation of decay rate is based on the assumption that the annihilation of Q andQ is a short-distance process which, because of the asymptotic freedom of QCD, can be computed in perturbation theory, and all unperturbative effects could be factored into a constant: the wavefunction at the origin or its derivative at the origin. Using this factorization assumption to calculate the hadronic decay width of P-wave quarkonium 1 +− state, the infrared divergence appears in the limit of small binding energy [3] and this divergence can not be factored into the derivative of wavefunction. It is interpreted as a signal that the decay rates are sensitive to nonperturbative effects which can not be contained in the wavefunction. This implies that the earlier factorization assumption fail because it is not within the framework of QCD.
Recently, Bodwin, Braaten and Lepage [4] have developed a factorization formalism that allows the systematic calculation of inclusive cross section for decays and productions of heavy quarkonium to any order in QCD coupling constant α s and to any order in v 2 , where v is the typical relative velocity of heavy quark.
The factorization formula is based on the use of the effective field theory NRQCD (Nonrelativistic QCD).
Using this rigorous factorization formalism, the decay rate can be written as a sum of a set of long-distance nonperturbative matrix elements each multiplies a short-distance coefficient which can be calculated in perturbative QCD. This approach is successful in the study of many processes about deacys and productions of heavy quarkonium [5] . In this paper, we apply this method to the hadronic decay of 1 +− quarkonium and compute the QCD radiative correction of its annihilation rate.
In NRQCD, the effects of annihilation can be taken into account adding 4-fermion operators to NRQCD Lagangian: At a given order in v 2 , the number of matrix elements can be reduced to a finite number by using velocity scaling rules for the matrix elements [4, 6] . These scaling rules consist of scaling rules for the operators and scaling rules for the probabilities of the Fock states that give the leading contributions to the matrix elements.
At leading order of v 2 , the decay width of 1 +− quarkonium state can be written as
Where two phenomenological parameters H 1 and H 8 can be defined rigoriously in terms of matrix elements in NRQCD
with D is the space part of the covariant derivative D µ and T a (a = 1, · · · , N 2 c −1) is the SU (N c ) color matrix, ψ and χ + are fields with two components for quark Q and antiquarkQ in NRQCD. Here the including of H 8 is due to that for decays of 1 +− heavy quarkonium state, a S-wave state of QQ color-octet component will contribute the same order of v as the P-wave state of color-singlet QQ component, because the probability for annihilate a S-wave state of a color-octet QQ is proportional to v 0 and this state has a probability at order of v 2 to be transmitted into a P-wave state of color-singlet QQ through emission of soft gluon. However the dominate Fock state of 1 +− is |QQ > with QQ pair in a color-singlet 1 P 1 state, and the probability for annihilation through P-wave state of the color singlet QQ is proportional to v 2 .
The result of α 2 s order have been given in [7] , only the coefficient
where subcript 0 with the coefficient means only to take their result at leading order of α s , and the width can be written as
In order to get the next-to-leading order result, we must know effects coming from both color-octet component and color-singlet component of the quarkonium. In the following, we calculate the coefficient Imf 1 ( 1 P 1 ) to leading order of α s and Imf 8 ( 1 S 0 ) to next-to-leading order of α s , then give the complete formular for the hadronic decay width of 1 P 1 to order of α 3 s at leading order of v 2 . The calculation in the corresponding case of 3 P J (J = 0, 1, 2) is in progress.
We first calculate the coefficient Imf 1 ( 1 P 1 ) by taking an 1 P 1 state of color-singlet QQ pair and expressing its annihilation rate Γ(QQ( 1 P 1 ) → LH) in two approaches. In leading order of perturbative QCD, the annihilation proceeds via the subprocess QQ → ggg ( Fig. 1 ) and calculation is straightforward
Feynman diagrams whose imaginary parts contribute to QQ( 1 P 1 ) → ggg
where R ′ (0) is the derivative of the nonrelative wave function at the origin, ε is the binding energy of 1 P 1 state of color-singlet QQ pair, it is defined as
In addition to the infrared divergence part which has been derived in [3] , we also give a finite term which has been neglected in previous studies. Here in convinence, we regularize the infrared divergence by introducing the binding energy ε of QQ, it is obviously that the coefficient Imf 1 ( 1 P 1 ) is infrared finite and the final result is independent of infrared regularized scheme.
In NRQCD, the annihilation rate can be written as
where the 4-fermion operator which contribute to the annihilation rate at leading order of v 2 read
The color singlet operator O 1 ( 1 P 1 ) contribute through tree level fig.2 which contain a 4-fermion vertex
cause the transition from a color octet QQ into a color singlet QQ. The individual diagram of Fig.3 gives the same result for the matrix element, the overall contribution of Fig.3 is
where γ E = 0.577 is the Euler constant. We regularize the utraviolate divergence in D = 4 − 2ǫ dimensions space, after renormalization of operator
From (6) and (9), we find that their coefficients of I.R. divergence are same. It is clear that the I.R. divergence appearing in (6) is proportional to the probability of transition between a color-singlet QQ pair and a coloroctet QQ pair by the emission of soft gluon. So this is nonperturbative effect and must be factored into the long-distance matrix elements which have been defined explicity in NRQCD. Comparing (6) and (9), the finite coefficient Imf 1 ( 1 P 1 ) is obtained
Obviously the previous I.R. divergence has been factored into nonperturbative matrix element. The operator
which has been derived in [4] .
Now we calculate the coefficient Imf 8 ( 1 S 0 ). We consider the annihilation of a QQ pair in a coloroctet spin-singlet state with relative velocity 2v. The annihilation rate is proportional to the imaginary part of magnitude M for the forward scattering of QQ pair in the corresponding state, and the imaginary part can be expressed as a sum over cuts through the Feynman diagrams for forward scattering. In perturbative QCD, the leading order contribution to Γ(QQ( 1 S 0 ) → LH) comes from the annihilation QQ( 1 S 0 ) → gg, (Fig.4 ) whose amplitude is written as
where
where √ 2(T c ) ij is the color wavefunction of QQ pair, in the non-relativistic limit, the formula reduces to
Only the leading term is needed for the S-wave quarkonium decay. The decay width of color octet 1 S 0 state QQ is expressed as
where for convenience, we introduce ψ (c) (0) which is defined as the color-octet wavefunction of QQ at origin, however the final results for the coefficients will not depend on these wavefunction. In lowest order
where the factor 1/2! is needed because N! same graphs appear for the N-gluon final states. The gluon helicity is summed over in the "Feynman gauge", helicity ǫ µ (k 1 )ǫ ν (k 1 ) = −g µν Two massless particles phase space in D = 4 − 2ǫ dimensions is simply integrated to give
Simple trace calculation leads to the final expression
where the dimensionless coupling constant is defined as
Representive diagrams whose imaginary parts contribute to the first-order raditive correction of color-octet QQ( 1 S 0 ) annihilation
The diagrams which have contribution to the decay width Γ (1) (QQ( 1 S 0 ) → LH) to order α 3 s are listed in figure 5 . We only give the representative diagrams and neglect the diagrams which give the same result as some one in fig.5 . The contribution from each diagram in terms of the unrenormalized coupling constant has in general the following form:
with
The imaginary parts of the diagrams shown receive contributions from two-gluon cuts, three-gluons cut 
The values are normalized to
2Nc , C A = N c , n f stands for the total numbers of light quarks and a "light" quark-antiquark pair plus one-gluon cuts, corresponding respectively to Γ (1) The overall nonrenormalized first-order radiative correction result to the color octect pesudoscalar quarkonium can be obtained by summing up the different partial contributions.
The term with 1 v is Coulomb singularity which arises from the Coulomb exchanging of gluon between quark and antiquark pair in Fig.5(a) . It is sensitive to long-distance nonperturbative effect.
We find the cancellation of the infrared divergences of the total cross in the infrared in spite of the fact that the different cuts are not. This is the same as the corresponding process of color singlet QQ → LH.
As a matter of fact it may be interesting to know that the infrared divergence of Fig.5a ,c,k,l cancel each other, which is different from the color singlet process, where the cancellation occurs between Fig.5a and Fig.5c , as well as between Fig.5k, Fig.5l, Fig.5m and Fig.5n respectively [8, 9] . Now we renormalized the coupling constant in the M S scheme.
and find
where we have neglected the script M S in α s .
In order to determine Imf 8 ( 1 S 0 ), we must calculate the corresponding contribution of δL 4−f ermion to Γ(QQ( 1 S 0 ) → LH) in NRQCD to next-to-leading order of α s . The relevant Feynman diagrams are shown in Fig.6 . They contain a four-fermion vertex that corresponds to the term ψ + T a χχ + T a ψ in the effective Lagrangian. In the limit v → 0, only Fig.6(b) and Fig.6 (c) which include Coulomb exchanging of gluon contribute at next-to-leading order. Fig.6(a) gives leading order result
The contribution from Fig.6(b) is
where imaginary part arise because the incoming quark and antiquark can scatter on shell before annihilating on 4-fermion operator. The contribution from Fig.6(c) is
Add the contributions from Fig.6(a) ,(b),(c), we obtain the complete result for Γ(QQ 
Note that the factorization approach reproduces the standard prescription of simply dropping the 1/v terms in the perturbatively calculated annihilation rate. It is clear that Coulomb singularity can be factored into nonperturbative part trivially in this factorization formula.
We finally come to the overall results for hadronic decay of 1 +− quarkonium state to next-to-leading order of α s at leading order of v 2 , substituting (10) and (21) in (3), we get
Working to all orders in α s (µ), the final result is independent of µ, since the coefficients depend on µ in such a way as to cancel the µ dependence of matrix elements. Now we apply our result above to the charmonium system to study the decay width of h c . In (22) make a choice of µ = m c and take N c = 3, n f = 3 we obtain
It is interesting to note that the contribution of color singlet component is negative and the QCD radiative correction of color octet process is very large. The matrix elements H 1 and H 8 have been defined explicity in NRQCD and is difficult to derive from first principle of QCD. People have tried to compute them using lattice simulations [10] . In practice they can be determined phenomenologically. Heavy quark spin symmetry provides approximate relations between them and corresponding two parameters in the same expressions about the decay of P-wave triplet χ cJ (J = 0, 1, 2). At leading order of v 2 , they are equal respectively. A rough estimation of H 1 and H 8 have been given in [12] by comparing the theoretical result of χ cJ decay to order α 3 s with experimental data. There they don't give the coefficients of H 8 at order α 3 s , because in χ cJ decay, the contribution of color-octet component is same for J=0,1,2, and can be treated as a unique parameter, it is not H 8 mentioned above rigorously. Here using the estimating value for H 1 and H 8 in [7] , we roughly get Γ = 0.69 ± 0.23M ev.
In this work we use a general factorization formula which based on NRQCD to calculate the annihilation rate of 1 +− quarkonium, we see that the infrared divergence appearing in previous calculation can be factored into long-distance perturbative matrix element rigorously. Our result is also free from Coulomb singularity. The corresponding case of χ cJ production through gluon fragmentation have been studied in [11] . It is clear from our calculation that the failure of previous factorization assumption is due to only color singlet component being considered and all contributions from color octet being neglected. In that sence the result is uncompletely and infrared divergence appear in some case such as the annihilation and production of P-wave quarkonium even at leading order in v 2 . Our calculation show that rigorous factorization formula can separate short-distance perturbative effects from long-distance nonperturbative effects correctly and also provide a systematical calculation for quarkonuim decay and producation to any order in α s and in v 2 , because it is based on a solid theoretical foundation.
